Abstract. Let A be a complex unital Banach algebra with unit 1. If a ∈ A is hermitian then we show that
Terminology and results
In this note let A be a complex Banach algebra, with a unit element 1 of norm one. The spectrum of a ∈ A is denoted by by σ(a), and r(a) denotes its spectral radius. Let A ′ denote the dual space of A. The set of normalized states on A is given by D(A; 1) = {ϕ ∈ A ′ : ϕ(1) = 1 = ϕ }.
The numerical range of a ∈ A is defined by V (A; a) = {ϕ(a) : ϕ ∈ D(A; 1)}.
The set V (A; a) is compact and convex. We say that a ∈ A is hermitian if V (A; a) ⊆ R. H(A) denotes the set of all hermitian elements in A.
The main results of this note read as follows:
Remark. If a ∈ H(A), then in general it does not follow that a 2 ∈ H(A) (see [2, Example 6.1].
Proofs
Note the following properties of n + and n − : the function a → n + [a] is sublinear,
and
for all a ∈ A and λ ∈ R.
Furthermore we have
([2, Theorem 2.6]) and
(see [2] or [3] or [4] ).
Proposition 2.1. Given a ∈ A, the following statements are equivalent:
is a closed real subspace of A and
(3) V (A; a) = co σ(a) for all a ∈ H(A) (where co denotes the convex hull).
Note that by (2.1), 
hence Re (ϕ(ab) − ϕ(ba)) = 0. We have a 2 2 = lim
Since ϕ(1) = 1 and ϕ(ta) ∈ R,
We have Re ϕ(e ita ) ≤ |ϕ(e ita )| ≤ ϕ e ita = 1, therefore Re ϕ with α = Re ϕ(a 2 ), β = Re ϕ(ab) and γ = Re ϕ(b 2 ) we have 0 ≤ α+2βt+γt 2 for all t ∈ R. If γ = 0, then α + 2βt ≥ 0 for all t ∈ R, hence β = 0, and the result follows. Now assume that γ = 0. Thus γ = Re ϕ(b 2 ) > 0. Since the quadratic equation 0 = α + 2βt + γt 2 has at most one solution, we get β 2 ≤ αγ. 
Hence, with b = 1,
It remains to show that
thus, by (2.3)
Case 2:
So Case 1 applies to b. Therefore
In [5] the following subset of A is introduced:
It is easy to see (use Proposition 2.1 (2)) that x ∈ A 0 ⇔ i(x − α1) ∈ H(A) for some α ∈ R.
In [5] J. Nieto has shown
Now let a ∈ H(A), then ia ∈ A 0 , hence n + [ia] = 0 and −(ia) 2 = a 2 , thus by (2.4),
Hence (2.4) implies Theorem 1.2. On the other hand Theorem 1.2 implies (2.4): Let x ∈ A 0 , hence there is α ∈ R such that a := i(x − α1) ∈ H(A). By Proposition 2.1, x = r(x). We have −x 2 = −α 2 1 + 2iαa + a 2 , hence for ϕ ∈ D(A; 1)
Reϕ(−x
2 ) = −α 2 + 2Reϕ(iαa) + Reϕ(a 2 ) = Reϕ(a 2 ) − α 2 .
Consequently
Since n + [x] = α, we have
Now take λ ∈ σ(x) = σ(α1 − ia). Then λ = α − iβ with β ∈ σ(a) ⊆ R. It follows that
therefore r(x) ≤ α 2 + a 2 . Now use (2.5) to see that (2.4) holds.
